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Abstract
Using a collective eld method, we obtain explicit solutions of the generalized Calogero-





Starting from the explicit wave functions for A
N 1
type expressed in terms of the singular
vectors of the W
N
algebra, we give a systematic method to construct wave functions and





The Calogero-Sutherland (CS) models [1] describe one-dimensional quantum systems
of N particles on a circle interacting with each other by an inverse square potential. The
complete excitation spectrum and wave functions are exactly calculable in these models.
They play signicant roles in various subjects such as fractional statistics [2, 3], quantum
Hall eect [4] and W
1
algebra [5].
Although it had been dicult to solve this eigenvalue problem directly, Stanley and
Macdonald [6] found that the solutions are expressed by Jack symmetric polynomials and
studied their properties. However, they did not show how to construct Jack polynomials,
which are necessary to calculate correlation functions explicitly. Thus it is an important
problem to nd a systematic method to construct Jack polynomials.
Recently this problem has been solved by the use of collective eld method and con-
formal eld theory technique by Awata et al. [7]. They have shown that the Hamiltonian
can be expressed in terms of Virasoro andW
N
generators of positive modes and hence the
Jack symmetric polynomials can be represented as W
N
singular vectors, whose explicit
forms are given by integral representations using free bosons.
Among many variants of the CS models [2], a class of models have been known to be
exactly solvable and show interesting behaviors similar to the original ones. They are the
Lie-algebraic generalization of the above models [8]. In particular the so-called CS model
of BC
N
-type (hereafter referred to as BC
N
-CS model) is the most general one with N
interacting particles. This model is known to be relevant to one-dimensional physics with
boundaries. The energy eigenvalues for these models have been obtained for both ground
and excited states [9, 10], but the wave functions have been known only for the ground
states [8, 10]. The purpose of this paper is to give a systematic method to construct
the wave functions for excited states explicitly and also give elementary derivation of the
energy eigenvalues by using the collective eld method.
The Hamiltonian H
CS



































where L and  are the circumference of the circle and a coupling constant, respectively.
1
The ground state 	
0















































Note that the ground state exhibits fractional statistics for rational . The excited states
of H
CS





(q;). The functions J

(q;) are known as the Jack
polynomials characterized by an index  of the Young diagram and are symmetric in the
coordinates q
i
so that the statistics of the system is determined by the wave function of
the ground state.
Looking at the structure of the above Hamiltonian (1), one immediately recognizes
that there is a close relation of this model to the root system of the classical group A
N 1
.
It is then natural to consider Lie-algebraic generalization of this model. Indeed, it has










































stands for positive roots of the classical group under consideration and the
coupling constants 

are equal for the roots of the same length. The most general




algebras. This is the BC
N
-CS
model we are going to discuss.



























































































where we have used ; ;  for coupling constants. We note that putting  = 0 reduces
the model to C
N
-type,  = 0 to B
N
-type, and nally  =  = 0 to D
N
-type. In analogy









































































































The eective Hamiltonian H
eff
acting on the function 
GCS




























































































































We are going to express this Hamiltonian by free bosons. In particular, it will be related to
the free boson representation of theW
N
algebra corresponding to the A
N 1
group. Before















, the simple roots ~
a
























































































They have the mode expansion
~











































0i = 0 (n  0): (15)
h
~













The spin 2 and 3 generators of the W
N



























































































The highest weight states of the W
N










































































































































































































































































































generators of positive modes and correspond to the following Young diagrams
parameterized by the numbers of boxes in each row,  = (
1























































Let us give a simple example at level 3 for ~r = (2; 1; 0;    ; 0); ~s = (1; 1; 0:    ; 0)




















































, we expect that
















in terms of which we can express our eective Hamiltonian. We then consider the map

























is a parameter to be determined shortly. This gives the following correspondence





















(a > 1; n > 0) vanishes under this map.































































































. Eq. (23) is the generalization necessary in our system
where we do not have translational invariance.
2
It appears that this Hamiltonian (26) is not Hermitian. This is simply because we have transformed
our Hamiltonian by the ground state (see eq. (8)).
6
Here and in what follows, carets on the Hamiltonian and states mean that they are
expressed in terms of oscillators. After straightforward calculation, one nds that this

































































































































































































































is the zero mode part of W
0
. The third term involving a
a
 n
(a > 1; n >










is the sum of number operators and W
N





of annihilation operators only.


















































































































































Here use has been made of eqs. (18) and (21) in deriving the second equality, and of
the relation between  and ~r;~s obtained from the Young diagram in getting the third
equality.




on the singular vectors produces only states at the lower
































singular vectors) with the coecients C
















































) ; ( < ) ; (32)





product is easily evaluated by using the oscillator representation given in (29). For























> 0 for  > . Hence the energy
denominator never vanishes in our eq. (32).
8
where  1 stands for the Young diagram with single box removed from . Next, setting




, which is already known. In
this way, all the coecients can be obtained from (32) successively.
The actual eigenstates in terms of the symmetric power sums (23) can be read o
from the explicit expression in terms of the boson oscillators by the rule (25). The total




















in agreement with the known results [10].
This completes our procedure to determine the whole eigenfunctions and our elemen-
tary derivation of the excitation energy.
As a simple example of the application of our method, we present the results of the
eigenstates. For simplicity, we list only those for the D
N














  4N(   1) = J
~r=(2;0;)
~s=(1;0;)






  8N = J
~r=(1;0;)
~s=(2;0;)


















3(N   1)(   1)







3(N   1)(   1)




; ; 3(1   4 + 2N);
p
3










  8N + 5   2









  8N + 5   2



































; ; 3(3   2 + 2N):
9
Here the corresponding Young diagrams and excitation energies are also exposed.
To summarize, we have given a systematic algorithm to compute eigenfunctions for
excited states for the BC
N
-CS models. Remarkably these can be easily obtained from
those for the A
N 1
case (but modied to be reection invariant), which are nothing but
singular vectors of the W
N
algebra. Our method uses simple oscillator representation,
which is easily accesible for physicists.
Acknowledgments
We would like to thank K. Higashijima and H. Suzuki for useful discussions. Thanks are
also due to H. Awata, Y. Matsuo, S. Odake and T. Yamamoto for comments.
10
References
[1] F. Calogero, Jour. Math. Phys. 10 (1969) 2191, 2197; 12 (1971) 419;
B. Sutherland, Jour. Math. Phys. 12 (1971) 246, 251; Phys. Rev. A4 (1971) 2019;
A5 (1972) 1372.
[2] N. Kawakami, Prog. Theor. Phys. 91 (1994) 189;
F. D. M. Haldane, in the Correlation Eects in Low Dimensional Electron Systems,
eds. A. Okiji and N. Kawakami (Springer, 1994).
[3] Z. N. C. Ha, Phys. Rev. Lett. 73 (1994) 1574; Nucl. Phys. B435 (1995) 604.
[4] N. Kawakami, Phys. Rev. Lett. 71 (1993) 275.
[5] K. Hikami and M. Wadati, Phys. Rev. Lett. 73 (1994) 1191.
[6] R. Stanley, Adv. Math. 77 (1989) 76;
I. G. Macdonald, Lect. Note in Math. 1271 (Springer, 1987) p. 189.
[7] H. Awata, Y. Matsuo, S. Odake and J. Shiraishi, Phys. Lett. B347 (1994) 49; Nucl.
Phys. B449 (1995) 347;
K. Mimachi and Y. Yamada, Comm. Math. Phys. 174 (1995) 447.
[8] M. A. Olshanetsky and A. M. Perelomov, Phys. Rep. 71 (1981) 313; 94 (1983) 313.
[9] T. Yamamoto, Jour. Phys. Soc. Japan 63 (1994) 1223.
[10] D. Bernard, V. Pasquier and D. Serban, Europhys. Lett. 30 (1995) 301.
[11] V. Fateev and S. Lykyanov, Int. Jour. Mod. Phys. A3 (1988) 507.
11
